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I discuss the near-degeneracy between models of neutrino-nucleus interactions based on diverse
assumptions, and analyze a specific example illustrating how the different reaction mechanisms taken
into account, as well as the approximations associated with their implementation, may conspire to
make the prediction of two models look similar. I argue that the relevant reaction mechanisms may
be unambiguously identified exploiting the availability of electron-nucleus scattering data other than
inclusive cross sections, providing detailed information on the nuclear spectral function.
PACS numbers: 24.10.Cn,25.30.-c,25.30.Pt
I. INTRODUCTION
Varius, multiplex, multiformis. The three latin adjec-
tives famously employed to describe the complex person-
ality of roman emperor Hadrian [1] provide a remark-
ably accurate characterization of the nuclear response
to neutrino interactions, resulting from the combination
of many and diverse mechanisms, giving rise to distinct
observable effects that hamper the interpretation of the
measured cross sections.
The interest in theoretical modeling of neutrino-
nucleus scattering was suddenly revived in the early
2000s, when the treatment of nuclear effects was clearly
recognized as a major source of systematic error for
accelerator-based searches of neutrino oscillations [2].
Few years later, the inadequacy of the Relativistic Fermi
Gas Model (RFMG), largely employed in Monte Carlo
simulations, was clearly exposed by its conspicuous fail-
ure to explain the double-differential νµ-carbon cross sec-
tion in the charged-current quasi elastic channel, mea-
sured by the MiniBooNE Collaboration [3].
The studies carried out over the past decade have led to
the development of a number of more advanced models of
quasi elastic neutrino-nucleus scattering, taking into ac-
count both the effects of strong interaction dynamics and
the variety of mechanisms contributing to the flux inte-
grated cross section [4–12], some of which have reached
the degree of maturity required for a meaningful com-
parison between their predictions and the available data.
In this context, an essential role has been played by the
availability of a large body of electron-nucleus scatter-
ing cross sections, precisely measured using a variety of
targets and spanning a broad kinematical range. While
the description of the measured neutrino-nucleus cross
sections involves non trivial additional problems, mainly
arising from the flux average [13], the ability to explain
electron scattering data must in fact be regarded as an
obvious prerequisite, to be met by any models of the nu-
clear response to weak interactions.
Considerable progress has been also achieved by the
ab initio Quantum Monte Carlo method, which allows
to carry out very accurate calculations of the electro-
magnetic and weak responses of nuclei as heavy as car-
bon [14]. This approach provides a remarkably good ac-
count of inclusive electron-nucleus scattering data in the
kinematical regime in which the non relativistic approx-
imation is expected to be applicable [15].
In many instances, the predictions of theoretical mod-
els turn out to be in satisfactory agreement with experi-
ments. However, a deeper scrutiny reveals a puzzling fea-
ture: models based on conceptually different—sometimes
even contradictory—assumptions yield comparable re-
sults. In view of applications to the different kinemat-
ical regimes and nuclear targets relevant to future ex-
periments, the sources of degeneracy between different
theoretical approaches—implying that the agreement be-
tween theory and data may in fact be accidental—need
to be identified, so as to firmly assess their predictive
power.
Section II is devoted to the analysis of a specific ex-
ample, illustrating how the different reaction mecha-
nisms included in different theoretical models, as well
as the approximations associated with their implementa-
tion, may conspire to make the predicted cross sections
look similar. In Section III, I discuss the uncertainties
associated with the identification of single-nucleon emis-
sion processes—yielding the largest contribution to the
quasi elastic cross section at momentum transfer in the
hundred-MeV range—and argue that they may be sub-
stantially reduced exploiting available electron scattering
data. Finally, in Section IV I state the conclusions, and
outline a possible avenue for the development of a com-
prehensive and consistent description of neutrino-nucleus
scattering.
II. THE DEGENERACY ISSUE
The differential cross section of the process
νµ +A→ µ− +X , (1)
where A and X denote the target nucleus in its ground
state and the hadronic final state, respectively, can be
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2schematically written in the form
dσA ∝ Lαβ
∑
X
[
〈0|JαA†|X〉〈X|JβA|0〉+ h.c.
]
× δ(4)(P0 + q − PX) , (2)
with the tensor Lαβ being fully specified by the lepton
kinematical variables. The above equation shows that
the description of the nuclear response involves the target
initial and final states, carrying four-momenta P0 and
PX , as well as the nuclear current operator
JαA =
∑
i
jαi +
∑
j>i
jαij , (3)
comprising one- and two-nucleon terms. The sum in
Eq. (2) includes contributions from all possible final
states, excited through different reaction mechanisms
whose relative weight depends on kinematics.
Charged Current Quasi elastic (CCQE) scattering off
an individual nucleon, that is the process corresponding
to the final state
|X〉 = |p, (A− 1)∗〉 , (4)
is the dominant mechanism in the kinematical region rel-
evant to the analysis of the MiniBooNE data, correspond-
ing to a neutrino flux with mean energy 〈Eν〉 = 880 MeV.
From the experimental point of view, CCQE events are
characterized by the absence of pions in the final state.
They are identified by the measured kinetic energy and
emission angle of the muon, with the knocked out proton
and the recoiling nucleus being undetected. Note that
the spectator (A − 1)-nucleon system can either be in
a bound state or include a nucleon excited to the con-
tinuum1. For example, in the case of a carbon target
the state of the recoiling system can be |11C〉, |p, 10B〉
or |n, 10C〉, and the corresponding A-nucleon final states
are
|X〉 = |p, 11C〉 , (5)
or
|X〉 = |pp, 10B〉 , |pn, 10C〉 . (6)
The states in the righ-hand side of Eqs. (5) and (6)
are referred to as one-particle–one-hole (1p1h) and two-
particle–two-hole (2p2h) states, respectively.
The appearance of 2p2h final states in scattering pro-
cesses in which the beam particle couples to an individ-
ual nucleon originates from nucleon-nucleon correlations
in the target ground state and final state interactions
1 Theoretical studies of the momentum distribution sum rule in
isospin-symmetric nuclear matter strongly suggest that the con-
tribution of (A− 1)-nucleon states involving more than one par-
ticle in the continuum is negligibly small [16].
(FSI) between the struck particle and the spectator nu-
cleons. These mechanisms are not taken into account by
models based on the independent particle picture of the
nucleus, such as the RFGM, according to which single nu-
cleon knock out can only lead to transitions to 1p1h final
states. However, transitions to 2p2h states are always al-
lowed in processes driven by two-nucleon meson-exchange
currents (MEC), such as those in which the beam particle
couples to a pi-meson exchanged between two interacting
nucleons. A detailed discussion of the contributions of
1p1h and 2p2h final states to the nuclear response can
be found in Ref. [17].
More complex final states, that can be written as a
superposition of 1p1h states according to
|X〉 =
∑
n
Cn|pnhn〉 , (7)
appear in processes in which the momentum transfer is
shared between many nucleons. The contribution of these
processes is often described within the Random Phase
Approximation (RPA), which amounts to taking into ac-
count the so-called ring diagrams to all orders using phe-
nomenological effective interactions [18, 19]. On the ba-
sis of very general quantum-mechanical considerations,
long-range correlations associated with the final states of
Eq. (7) are expected to become important in the kine-
matical region in which the space resolution of the beam
particle is much larger than the average nucleon-nucleon
distance in the nuclear target, d, i.e. for typical momen-
tum transfers |q|  pi/d ∼ 400 MeV.
The role played by the reaction mechanisms taken into
account by two different models of neutino-nucleus in-
teractions is illustrated in Fig. 1, showing a comparison
between the double-differential CCQE cross section mea-
sured by the MiniBooNE Collaboration [3] and the the-
oretical results reported in Refs. [9] [panel (A)] and [10]
[panel (B)].
Within the approach of Ref.[9], the contribution of
transitions to 1p1h final states—described using the local
Fermi gas approximation—is supplemented with those
arising from processes involving MEC and long-range
RPA correlations, obtained from the model originally
proposed in Ref. [19].
The hybrid model of Ref. [10] combines the results of
the phenomenological scaling analysis of electron scat-
tering data [20]—extended to include inelastic chan-
nels—with a theoretical calculation of MEC contribu-
tions carried out within the RFGM.
Overall, Fig. 1 shows that, up to a 10% normalization
uncertainty [9], the two models provide comparable de-
scriptions of the data. However, their predictions result
from the combination of different reaction mechanisms.
Panel (A) indicates that, according to the model of
Ref. [9], the calculation including 1p1h final states only
(dashed line labelled 1p1h) yields a good approximation
to the full result, represented by the solid line. The
corrections arising from MEC (dot-dash line) and long
range correlations (dotted line labelled RPA) turn out to
3FIG. 1. Comparison between the double differential νµ-
carbon cross section in the CCQE channel measured by the
MiniBooNE Collaboration [3] and the results obtained from
the models of Nieves et al. [9] (A), and Megias et al. [10] (B).
The solid lines correspond to the full calculations. The mean-
ing of the dashed, dot-dash and dotted lines is explained in
the text.
largely cancel one another. On the other hand, panel
(B) suggests that, once single-nucleon knock out pro-
cesses (dashed line labelled QE) and MEC (dot-dash line)
are taken into account, the addition of long-range corre-
lations—whose contribution does not exhibit scaling—is
not needed to explain the data.
III. SINGLE-NUCLEON EMISSION
The picture emerging from Fig. 1 clearly calls for a
deeper analysis. As a first step, it is very important to
realize that studying the role of mechanisms more com-
plex than the excitation of 1p1h final states is only rele-
vant to the extent to which the 1p1h sector, providing the
dominant contribution to the cross section, is fully under
control. In this context, the results shown in Fig. 1 are
not very useful.
The 1p1h contribution of Ref. [9] [dashed line of panel
(A)] is obtained within the independent particle pic-
ture of the nucleus, according to which all single-nucleon
states belonging to the Fermi sea are occupied with
unit probability. However, the data collected over fifty
years of (e, e′p) experiments [21, 22] have unambiguously
demonstrated that the occupation probability of shell
model states is in fact sizably reduced—by as much as
∼ 30− 35% in the case of valence states—by correlation
effects.
The dashed line labelled QE in panel (B) also fails to
provide an accurate estimate of the cross section in the
1p1h sector, because the empirical scaling function in-
cludes additional contributions from processes involving
the excitation of 2p2h final states, driven by ground state
correlations, which are known to be non negligible [17].
Detailed information on single nucleon knock out pro-
cesses leading to the excitation of 1p1h final states has
been obtained studying the reactions
e+A→ e′ + p+ (A− 1)B , (8)
in which the scattered electron and the outgoing proton
are detected in coincidence, and the recoiling nucleus is
left in a bound state. In the absence of final state in-
teractions (FSI), whose effects can be taken into account
as corrections, the (e, e′p) cross section reduces to the
simple and transparent form
dσeA =
|p|
Tp +m
P (pm, Em) dσep , (9)
with the missing momentum and missing energy defined
in terms of measured kinematical quantities as
pm = |p− q| , Em = ω − Tp − TA−1 . (10)
In the above equations, ω is the energy transfer, p and
Tp denote the momentum and kinetic energy of the emit-
ted proton, respectively, and TA−1 = p2m/2MA−1 is the
kinetic energy of the residual nucleus of mass MA−1.
Equation (9) shows that a measurement of the (e, e′p)
cross section gives access to the spectral function
P (pm, Em), describing the probability of removing a nu-
cleon of momentum pm from the target nucleus leaving
the residual system with excitation energy Em.
Being trivially related to the imaginary part of the
two-point Green’s function, the spectral function ad-
mits an exact decomposition into pole and continuum
contributions [23]—known as Ka¨lle´n-Lehman representa-
tion—allowing a model independent identification of sin-
gle nucleon emission processes, such as those of Eq. (8),
associated with 1p1h final states. From the experimental
point of view, these reactions are signaled by the presence
of sharp spectroscopic lines in the missing energy spec-
tra measured at low to moderate pm and Em, typically
pm<300 MeV and Em<50 MeV.
Proton knock out from carbon in the kinematical re-
gion corresponding to single-nucleon emission has been
thoroughly investigated by Mougey et al. using the
electron beam delivered by the Accelerateur Lineaire de
Saclay (ALS) [24]. The momentum distributions of the
shell model states with quantum numbers specified by
4the index α (α = S, P ), defined as
nα(pm) =
∫ Eαmax
Eαmin
P (pm, Em) dEm , (11)
have been obtained using the spectral function extracted
from the measured 12C(e, e′p)11B cross section, the inte-
gration regions being chosen in such a way as to include
the corresponding spectroscopic lines. As an example,
Fig. 2 shows the momentum distribution of the valence
P-states, computed using Eq. (11) with EPmin = 15 MeV
and EPmax = 22.5 MeV [24]. Integration over pm yields
the spectroscopic factor, providing a measure of the occu-
pation probability. The resulting value, ZP = 0.625, im-
plies that dynamical effects not taken into account within
the independent particle model reduce the average num-
ber of P-state protons from 4 to 2.5.
FIG. 2. Momentum distribution of the valence P -states of car-
bon, obtained from the (e, e′p) cross section of Ref. [24]. The
solid line shows the momentum distribution obtained from the
spectral function of Ref. [25], corrected to take into account
the effects of final state interactions (FSI).
The data of Ref. [24] have been combined with the re-
sults of accurate theoretical calculation of the continuum
component of the spectral function of isospin symmet-
ric nuclear matter [16] to obtain the full carbon spec-
tral function within the Local Density Approximation
(LDA) [25].
The P-state momentum distribution computed from
Eq. (11) using the spectral function of Ref. [25], corrected
for FSI following the procedure of Ref. [24], is shown
by the solid line of Fig. 2. It clearly appears that both
shape and normalization are accurately accounted for.
The spectroscopic factor, ZP = 0.64, turns out to be
within ∼ 2% of the experimental value.
A comparison with the data of Refs. [26–28], reporting
the results of a measurement of the (e, e′p) cross section
at large pm and Em performed at the Thomas Jeffet-
son National Accelerator Facility (JLab), shows that the
spectral function of Ref. [25] also provides a quantita-
tive description of the contribution arising from nucleon-
nucleon correlations. The continuum strength integrated
over the region covered by the JLab experiment turns
out to be 0.61± 0.06, to be compared with a theoretical
value of 0.64 [28].
The pole component of the spectral function of
Ref. [25] can be employed to obtain the 1p1h contribu-
tion to the flux integrated CCQE νµ-carbon cross section
within the approach described in Re. [4, 5]. In Fig. 3 the
results of this calculation are compared with the 1p1h
cross section of Ref. [9] and the QE result of Ref. [10].
As was to be expected on the basis of the discussion of
Section II, both the local Fermi gas model and the phe-
nomenological scaling analysis significantly overpredict
the 1p1h cross section obtained using the spectral func-
tion of Ref. [25], strongly constrained by (e, e′p) data.
Note that the ∼ 20% difference at the peak is about the
same size as the discrepancy between the MiniBooNE
data and the results of Monte Carlo simulations based
on the RFGM, that stirred a great deal of debate on the
need to use an effective axial mass in modeling neutrino-
nucleus interactions.
FIG. 3. Double differential νµ-carbon cross section in the
CCQE channel, averaged over the MiniBooNe neutrino flux.
The dashed and solid lines show the single nucleon emission
contributions—corresponding to 1p1h final states—obtained
from the model of Nieves et al. [9] and the spectral function
formalism of Ref. [4, 5], respectively. The dot-dash line repre-
sents the quasi elastic cross section obtained from the scaling
analysis of Ref. [10].
IV. SUMMARY AND OUTLOOK
In spite of the remarkable progress achieved over of the
past decade, the available theoretical models of neutrino-
nucleus interactions, while yielding a good description of
several measured cross sections, fail to provide a fully
unambiguous interpretation of the data.
In order to establish if and to what extent the agree-
ment between theory and experiments is in fact acci-
5dental, the near-degeneracy between different approaches
must be resolved, by putting their predictions to test
against both electron scattering data and the results of
accurate theoretical calculations.
The measured cross sections of exclusive (e, e′p) pro-
cesses, whose analysis allows to isolate the contribution
of single nucleon knock out processes leading to the ex-
citation of 1p1h final states, provide the ideal tool for
gauging the ability of theoretical models to describe the
dominant reaction mechanism in the kinematical region
of MiniBooNE data. In order to acquire additional infor-
mation, needed for the interpretation of signals detected
using the liquid argon technology, the available dataset
will soon be augmented with the 40Ar(e, e′p)39Cl cross
section, to be measured at Jlab in 2017 [29].
On the theory side, an important role will be played
by the Green’s Function Monte Carlo (GFMC) approach.
The electromagnetic and weak responses obtained from
GFMC calculations—based on realistic nuclear Hamil-
tonians and consistently derived current operators—are
exact up to statistical errors. On the other hand, the
GFMC technique is inherently non relativistic, and does
not allow to single out the contributions of different final
states. As a consequence, its applications are somewhat
limited, and do not yield detailed information on the re-
action mechanisms. Nevertheless, besides being highly
valuable in their own right—e.g. for studies of low-energy
supernova neutrinos [30]—GFMC results can be effec-
tively used as benchmarks, to assess the accuracy of more
approximate calculations in the non relativistic limit. It
must be kept in mind, however, that GFMC results can
be meaningfully compared only to results obtained from
approaches based on the same model of nuclear dynam-
ics [31].
The analysis of Section III shows that the scheme based
on the spectral function formalism and a realistic model
of nuclear dynamics, which is known to provide a quan-
titative account of the body of inclusive electron-carbon
cross sections in the quasi elastic sector [6], also fulfills
the requirement of describing the cross section in exclu-
sive channels.
Recent calculations carried out extending the formal-
ism to include the contributions of two-nucleon currents
and inelastic interactions, discussed in Ref. [7], indicate
that that the spectral function approach—founded on
sound theoretical arguments derived within the concep-
tual framework of the Impulse Approximation (IA)—has
the potential to provide a comprehensive and consis-
tent interpretation of the electron-nucleus cross section
at momentum transfer above few hundreds MeV. At the
same time, these results suggest that in this kinematical
regime, typical of the CCQE events collected by the Mini-
BooNE collaboration, reaction mechanisms not included
in the IA picture, most notably long range correlation
described within RPA, are unlikely to play an important
role. This observation turns out to be consistent with
the pattern emerging from Fig. 1.
The generalization of the work of Ref [7] to the case
of neutrino scattering in all relevant channels does not
involve conceptual difficulties. The treatment of quasi
elastic scattering and resonance production is discussed
in Refs. [4, 5, 32], while the calculation of the Deep In-
elastic Scattering (DIS) and two-nucleon current contri-
butions is under way.
As a final remark, it is worth mentioning that, being
largely based un probability distributions, the spectral
function formalism is well suited for implementation in
Monte Carlo simulations. Work in this direction has been
carried out by the authors of Ref. [33], who modified the
GENIE event generator replacing the nucleon energy and
momentum distributions obtained from the RFGM with
those predicted by realistic spectral functionss. The re-
sulting package, referred to as GENIE-νT, allows to take
into account the strong energy-momentum correlation
observed by (e, e′p) experiments at large missing energy
and missing momentum, thus significantly improving the
accuracy in the determination of neutrino energy.
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